Recent experimental realization of one-dimensional (1D) spin-orbit coupling (SOC) for ultracold alkaline-earth(-like) atoms in optical lattice clocks opens a new avenue for exploring exotic quantum matter because of the strongly suppressed heating of atoms from lasers comparing with alkaline atoms. Here we propose a scheme to realize two-dimensional (2D) Rashba and three-dimensional (3D) Weyl types of SOC in a 3D optical lattice clock and explore their topological phases. With 3D Weyl SOC, the system can support topological phases with various numbers as well as types (I or II) of Weyl points. The spin textures of such topological bands for 2D Rashba and 3D Weyl SOC can be detected using suitably designed spectroscopic sequences. Our proposal may pave the way for the experimental realization of robust topological quantum matters and their exotic quasiparticle excitations in ultracold atomic gases.
Introduction.-Spin-orbit coupling (SOC) plays a key role for many condensed matter phenomena, such as anomalous and spin Hall effects [1] , topological insulators and superconductors [2] [3] [4] , etc. The recent experimental realization of 1D [5] [6] [7] [8] [9] [10] [11] [12] and 2D [13] [14] [15] SOC in ultracold alkaline atoms provides a highly controllable and disorder-free platform for exploring nontrivial topological physics induced by SOC, such as Majorana fermions with non-Abelian exchange statistics [16] [17] [18] [19] and Weyl fermions [20] [21] [22] [23] [24] carrying topological monopole charges [25] . However, the experimental observation of these topological phenomena is greatly hindered by the heating of atoms, particularly fermions, originating from the Raman process where lasers couple hyperfine ground states with high-lying excited states. The single-photon detuning for Raman lasers is limited by the fine-structure splitting [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] for the generation of SOC, which is usually small for alkaline atoms, yielding large spontaneous emission of photons that heat the atomic gas.
The heating issue may be overcome by choosing atomic species with large fine-structure splitting such as Dy and Er [26, 27] or using alkaline-earth(-like) atoms [28] with long-lived excited states [e.g., the lifetime for 87 Sr ( 173 Yb) is ∼160 (∼20 ) seconds]. For alkaline-earth(-like) atoms, 1D SOC has been theoretically proposed [28] and experimentally realized [29] [30] [31] recently through directly coupling the ground 1 S 0 (referred as |g ) and excited metastable 3 P 0 (referred as |e ) clock-states in 1D optical lattice clocks, which does not involve any Raman process. With the recent experimental success in realizing 2D and 3D optical lattice clocks for both Bose and Fermi atoms [32, 33] , a natural question is whether 2D and 3D SOC can also be realized without any Raman process.
Here, we address this important question by proposing a scheme for realizing both 2D Rashba and 3D Weyl types of SOC for alkaline-earth(-like) atoms in a 3D optical lattice clock [34] using a simple experimental setup without involving Raman process. The experimental realization of the proposed scheme should pave the way for the eventual experimental generation of stable topological superfluids without heating and the observation of topological Majorana [18, 19] and Weyl fermions [20] [21] [22] in ultracold atomic gases. Our main results are:
i ) Beside the 3D optical lattice potential generated with magic wavelength lasers, a clock laser that couples two states |g and |e is coherently splitted into four beams propagating along different directions (see Fig. 1 ) and their interference generates the SOC. 3D Weyl (2D Rashba) types of SOC are realized when the wavevectors of the clock laser do (not) possess z -components.
ii ) In the presence of 3D Weyl types of SOC, there exists a rich phase diagram containing topological phases with various number of Weyl points as well as a fully gapped 3D Chern insulator phase. The Weyl points can be type-I or type-II [21, 35] . Different Weyl points with opposite topological charges are connected by gapless Fermi arcs on the surface.
iii ) Three spectroscopic sequences are proposed to accurately measure the spin textures of the topological bands for 2D Rashba and 3D Weyl SOC using a combination of Rabi spectroscopy and time-of-flight images.
Experimental scheme and theoretical modeling.-Our proposed experimental scheme for generating SOC for alkaline-earth(-like) atomic gases 87 Sr ( 173 Yb) [28] [29] [30] [31] is illustrated in Fig. 1 . A large magnetic field is applied along the z-direction so that only two nuclearspin-polarized states (|g and |e that form an effective spin-1/2) in ground 1 S 0 and metastable excited 3 P 0 manifolds are populated and coupled by a clock laser [see Fig. 1(a) ]. The state-independent 3D optical lat- [34] . Here k L = 2π cos (κ) /λ m and k z L = 2π cos (κ z ) /λ m are the wavevectors in the x-y plane and z-direction, with κ and κ z corresponding laser incident angles.
The two states |g and |e are coupled by a clock laser with wavelength λ c (698 nm for 87 Sr and 578 nm for 173 Yb). In the rotating frame, the single-particle Hamiltonian can be written as
where p is the momentum operator, m is the mass of atoms, m z = δ is the effective Zeeman field determined by the clock laser detuning, and σ j (I) is the Pauli (identity) matrix on the {|g , |e } basis. For the generation of 2D and 3D SOC, the spatial distribution of the Rabi coupling of the clock laser is designed to be
, which can be realized through suitable interference of the clock laser beams. Figure 1(b) shows the experimental setup for realizing 2D Rashba SOC with k z R = 0, where the clock laser (linearly polarized along the z-direction) is reflected by three mirrors (M 1 , M 2 and M 3 ) and propagates along the (x ± y)-directions in the intersecting area with corresponding Rabi frequencies Ω 1 = Ω 0 e ikc(x+y) , Ω 2 = Ω 0 e ikc(x−y)+iϕ1 , Ω 3 = Ω 0 e −ikc(x−y)+i(ϕ1+ϕ2) , and Ω 4 = Ω 0 e −ikc(x+y)+i(2ϕ1+ϕ2) . Without loss of generality, we set Ω 0 to be real because its overall phase originating from the initial phase of the incident laser can be gauged out without affecting the SOC. k c = 2π/ √ 2λ c , ϕ 1 (ϕ 2 ) is the phase acquired by the beam when it propagates along the optical path from the atom cloud over mirrors M 1,2 (M 3 ) then back to the atom cloud. The total Rabi coupling strength M =
4
Λ=1 Ω Λ has above designed form by choosing ϕ 1 = 0 (mod 2π), ϕ 2 = π (mod 2π), and M 0 = 2 √ 2Ω 0 . We choose k c = k L for the generation of desired 2D Rashba SOC, yielding cos (κ) = λ m / √ 2λ c ≈ 0.8 for 87 Sr (0.9 for 173 Yb). The generation of 3D SOC requires the phase factor e −ik z R z in the Rabi coupling M , which can be realized by tilting the four clock laser beams Ω Λ by an angle η with respect to the x-y plane with k With typical optical lattice potential depths, atoms are confined in the lowest band of the lattice and tightbinding approximation can be applied. It is straightforward to derive corresponding tight-binding lattice model for the Hamiltonian Eq. (1), which yields an effective Hamiltonian [36] 
where
t z is the hopping parameter along the z-direction, and
. a z and a are optical lattice constants in the z-direction and x-y plane, respectively. t and t so are spin-preserved and spin-flipped hopping parameters in the x-y plane, and the latter is induced by the Rabi coupling M of the clock laser. The energy spectrum of the Hamiltonian can be easily obtained through diago-
When k z R = 0 (i.e., clock laser is in the x-y plane), φ = 0 and h zk = m z − 2t cos(k x a) − 2t cos(k y a), therefore there is no coupling between momentum k z and spin, leaving 2D Rashba type of SOC in the x-y plane in the Hamiltonian Eq. (2). In this case, the single particle physics is described by a topological phase transition between a trivial insulator for |m z | > 4t and a topological insulator for |m z | < 4t, with the phase boundary |m z | = 4t determined by |h k | = 0 [14, 37] . Such 2D Rashba SOC not only mixes states |g and |e , but also lifts the band degeneracy with a single Fermi surface. In the presence of s-wave pairing interaction between two states, the fermionic superfluid pairing supports Majorana fermions inside vortex cores [18, 19] , which possess non-Abelian exchange statistics and are a building block for fault-tolerant topological quantum computation [16, 17] .
Topological phases with 3D SOC.
, and the Hamiltonian Eq. (2) contains the coupling 2t z sin (k z a z ) sin (φ/2) σ z along the k zdirection. Hereafter we consider only t > t z and the topological phases for t ≤ t z can be discussed similarly and are presented in the supplementary material [36] . We first consider φ = π (i.e., k
, which leads to h 0k = 0. From the energy dispersion E k = ±|h k |, we see the spectrum is gapless only when |h k | = 0, with h xk = h yk = 0 occurring at k x a, k y a = 0 or π. At (k x a, k y a) = (0, π) or (π, 0), h zk = m z +2t z sin (k z a z ) becomes zero in the region |m z | ≤ 2t z at k z a z = γ or −π−γ with γ = arcsin −mz 2tz . While at (k x a, k y a) = (0, 0) or (π, π), h zk = m z ∓ 4t + 2t z sin (k z a z ) becomes zero only in the region 4t − 2t z ≤ ±m z ≤ 4t + 2t z at k z a z = ζ or π−ζ with ζ = arcsin
, where the top and bottom signs are for (0, 0) and (π, π) respectively. Outside these two regions (2t z < |m z | < 4t − 2t z and |m z | > 4t + 2t z ), the spectrum is fully gapped. Each band gap closing point with E k = 0 represents a Weyl point [see Fig. 2(a) ], whose topological charge can be determined by Chern number C = 
and (π, 0, −π−γ) with different topological charges [see Fig. 2(c) ]. For instance, around k W = (0, π, γ), h k ≈ 2t so a k x σ x −k y σ y + 2t z a z cos(γ)k z σ z with the linear dispersion; ii ) 2t z < |m z | < 4t − 2t z : a fully gapped topological phase with Chern number C = 1 in the k x -k y plane for any fixed k z , corresponding to a stacking 2D Chern insulator; iii ) 4t − 2t z ≤ ±m z ≤ 4t + 2t z : two Weyl points at k W = (0, 0, ζ) and (0, 0, π−ζ) for m z > 0 [see Fig. 2(d) ] or (π, π, ζ) and (π, π, π−ζ) for m z < 0; iv ) |m z | > 4t + 2t z : trivial insulator phase.
For a general φ = π, there is a nonzero h 0k = −2t z cos (k z a z ) cos (φ/2) and t z in h zk is also replaced by t z sin(φ/2). h 0k does not change the eigenstates of the Hamiltonian Eq. (2), therefore the phase boundaries between above four cases are only changed by the replacement t z → t z sin(φ/2). However, nonzero h 0k rotates the slopes of the linear dispersions near the Weyl point such that two slopes along the k z -direction may have the same sign in certain parameter region, which correspond to type-II Weyl points (the traditional one • along the z-axis for better illustration). tso/t = 0.6, tz/t = 0.6, mz/t = 0, and φ = π. (c) Three spectroscopic sequences I, II and III for the detection of spin parameters θ k and ϕ k .
with opposite signs of slopes is called type-I). For instance, around the Weyl point k W = (0, π, γ) for the case i ) |m z | ≤ 2t z sin(φ/2), the Hamiltonian can be expanded as h k = ν 0kz +2t so a k x σ x −k y σ y +ν zkz σ z with ν 0 = 2t z a z sin(γ) cos(φ/2), ν z = 2t z a z cos(γ) sin(φ/2), and γ = arcsin Fig. 3(a) . Finally, because Weyl points do not stay at E k = 0 plane due to nonzero h 0k , the surface states are now embedded in the bulk spectrum [see Fig. 3(b) ], instead of the straight Fermi arc at E k = 0 connecting two Weyl points with opposite charges for φ = π.
Experimental detection of spin textures.-The topological properties of 2D Rashba and 3D Weyl SOC can be characterized by their spin textures in the momentum space, which are shown in Figs. 4(a) and 4(b). These spin textures are determined by the effective field h k in the Hamiltonian Eq. (2) and can be parameterized by angles θ k = arctan h 2 xk + h 2 yk /h zk and ϕ k = arctan (h yk /h xk ) at each momentum k. Here we propose a spectroscopic procedure [36] to determine the parameter (θ k , ϕ k ) by measuring the time dynamics of spin polarization S(k) , which are obtained through a combination of momentum-resolved Rabi spectroscopy [28] and time-of-flight imaging. Three spectroscopic sequences, as shown in Fig. 4(c) , are used to eliminate various side effects and obtain accurate results. In all sequences, atoms are initially prepared in state |g at half filling without SOC.
I): First a π-pulse along σ x is applied using the clock laser, which excites atoms from |g to |e with a momentum transfer Q = (k c , k c , k z R ) that is the same as that of the SOC. Therefore the π-pulse couples two pseudospin states with the same quasi-momentum |g, k ↔ |e, k . Such a π-pulse can be implemented using one of the four SOC beams, with the other three turned off by electrooptic amplitude modulators (EOAM) [39] , as shown in Figs. 1(b) and 1(c) . In the quasi-momentum space, the tight-binding dispersion of state |e is inverted with respect to state |g , therefore the energy splitting at different k is different. With suitably chosen clock laser frequency, we can selectively excite atoms at certain k * using a weak pulse (compared to the tight-binding band width), such that only atoms near k * are excited and atoms away from k * are off-resonance and remain in state |g . Notice that the resonance momentum k * is not single valued, which form a circle in 2D and a surface (spherical for type-I or ellipsoid-like for type-II Weyl points) in 3D. We can select a different k * by slightly changing the frequency of the π-pulse, thus cover the whole momentum space.
After the π-pulse, we turn on the 2D (3D) SOC and the system evolves under the Hamiltonian Eq. (2) for an interval τ . Then the SOC and lattice potentials are turned off and the time-of-flight images are taken to determine the spin polarization S(k) at each k on the k * ring or surface as a function of τ . Suitable spin rotations using pulses along different spin axis with clock lasers may be needed before the time-of-flight to measure different components of S(k) .
II): Sequence II is the same as I except that the π-pulse is along −σ x , which is used to eliminate effects caused by atoms near resonance momenta k * that may be partially pumped to |e (with amplitude f k ). Because of the partial excitation amplitude f k , the spin polarizations S(k) I,II obtained from sequences I or II become complicated functionals of f k , θ k , ϕ k , τ . However, f k appears as a simple overall factor in their average [36] 
with T(θ k , ϕ k , τ ) a simple dynamical function which can be used to determine θ k , ϕ k . III): Sequence III is the same as I without the π-pulse, which is used to filter the dynamics of the excited atoms from the remaining |g atoms by canceling the 1/2 in Eq. (3). As a result, signals for atoms with momenta far away from k * are eliminated because f k is nonzero only in a narrow interval around k * ring or surface. This process isolates the dynamics of atoms near k * , and we can then replace θ k , ϕ k by θ k * , ϕ k * in Eq. (3), from which we can extract their values [36] .
Conclusions.-In summary, we proposed a scheme for realizing and detecting 2D Rashba and 3D Weyl types of SOC for alkaline-earth(-like) atoms in optical lattice clocks without involving Raman process, therefore the heating of atoms due to lasers is strongly suppressed. In combination with s-wave scattering interaction between atoms, our scheme provides a powerful platform for realizing stable topological superfluids and observing associated topological excitations, such as Majorana fermions, which may have potential applications in fault-tolerant topological quantum computation.
jx+jy t µ so , with µ = x, y. For the aforementioned clock transition M , we have t x so = −it y so = t so . t and t so can be tuned by changing the amplitude of clock laser's Rabi coupling Ω 0 . The last term in Eq. (4) corresponds to spin conserved hopping along the z -direction, where t z is the hopping amplitude, φ = πk z R /k z L is the hopping phase (it can be tuned by the angle between the planewave laser pair that forms the z-direction lattice), and ξ g,e = ±1. Due to the spatial dependence of the SOC, the Hamiltonian of x-y plane have a period 2a, which can be restore to a by applying the following unitary transformation c je −→ e iπ(xj +yj )/aĉ je . The Fourier transformation of the Eq. (4) to momentum space yield the momentum effective Hamiltonian Eq. (2) in the main text.
B. Phase diagram for t ≤ tz
In the main text, we have discussed the topological phases with 3D SOC for t > t z . For t ≤ t z , the physics is similar except that more Weyl points may be found in certain parameter region. For simplicity, here we only consider type-I Weyl points with φ = π (i.e., h 0k = 0). As we discussed in the main text, the Weyl points can only occur at k x a, k y a = 0 or π. For (k x a, k y a) = (0, π) or (π, 0), h k becomes zero at k z a z = γ or −π − γ with 
. For t z < t, all these regions are separated without any overlap, therefore we have two fully gapped regions without any Weyl point in 2t z < |m z | < 4t − 2t z . While for 2t ≥ t z > t, the region |m z | ≤ 2t z overlaps with regions 4t − 2t z ≤ m z < 4t + 2t z and −4t − 2t z < m z ≤ −4t + 2t z , leading to 6 Weyl points in the regions 4t − 2t z ≤ m z ≤ 2t z and −2t z ≤ m z ≤ 2t z − 4t, as shown in Fig. 5 . Moreover, for t z > 2t, all these three regions overlaps, leading to a new region 4t−2t z ≤ m z ≤ 2t z −4t with 8 Weyl points.
C. Experimental detection of spin textures using three spectroscopic sequences
Before introducing the details of our detection scheme, we first show how the spin polarization evolves under the SOC Hamiltonian. Consider an atom in an arbitrary initial state |ψ 0 (k) = α|g k + β|e k with momentum k. Under the SOC Hamiltonian, the state becomes
after time τ with E k,± = h 0k ± |h k |.
Due to the Rabi oscillation, the time dynamics of all components' spin polarizations can be characterized as
and
These equations show the relations between the angles (ϕ k , θ k ) and the dynamics of spin polarization. In the following, we show that these relations can used to determine (ϕ k , θ k ) through three spectroscopic sequences (I, II and III), as shown in Fig. 4 (c) in the main text. In all sequences, atoms are initially prepared in the state |g at half filling without SOC.
In sequence I, a π-pulse along σ x is applied using the clock laser to induce the |g → |e transition at the same quasi-momentum. Such a π-pulse can be implemented using one of the four SOC beams, with the other three turned off by electro-optic amplitude modulators. We can selectively excite atoms at certain k * using a weak pulse (compared to the tight-binding band width), such that only atoms near k * are excited to |e and atoms away from k * are offresonance and remain in state |g . Then we turn on the 2D (3D) SOC for an interval τ and let the system evolve under the Hamiltonian Eq. (2) in the main text. Even for a weak pulse, atoms near resonance momenta k * may still be partially pumped to |e (with amplitude f k ). Because of the partial excitation amplitude f k , the spin polarization becomes a complex function of 1 − |f k | 2 , −if k , τ, k, which is S(k) I = P 1 − |f k | 2 , −if k , τ, k . To eliminate the effects of partial excitation, we introduce sequence II which is the same as I except that the π-pulse is along −σ x , leading to the spin polarization S(k) II = P 1 − |f k | 2 , if k , τ, k . The average between these two sequences gives a simple form of the spin polarization as
Here T is given as T z (θ k , ϕ k , τ ) = cos 2 θ k + sin 2 θ k cos (2|h k |τ ) , T y (θ k , ϕ k , τ ) = {cos θ k sin θ k sin ϕ k − Θ sin [2|h k |τ + arctan (− cos θ k tan ϕ k )]} , T x (θ k , ϕ k , τ ) = cos θ k sin θ k cos ϕ k − Γ sin 2|h k |τ + arctan cos θ k tan ϕ k , with Θ = cos θ |k| sin θ |k| sin ϕ |k| 2 + sin θ |k| cos ϕ |k| 2 , and Γ = cos θ |k| sin θ |k| cos ϕ |k| 2 + sin θ |k| sin ϕ |k| 2 . 
